ON THE DIVISOR PRODUCT SEQUENCES 


ZHU WEIYI 


College of Mathematics, Physics and Information 
Science, Zhejiang Normal University 
Jinhua, Zhejiang, P.R.China 


ABSTRACT. The main purpose of this paper is to study the asymptotic property of 
the divisor product sequences, and obtain two interesting asymptotic formulas. 


1. INTRODUCTION AND RESULTS 


A natural number a is called a divisor product of n if it is the product of all 
positive divisors of n. We write it as P(n), it is easily to prove that Py(n) = ne 
where d(n) is the divisor function. We can also define the proper divisor product 


of n as the product of all positive divisors of n but nm, we denote it by pa(n), and 
dim) 


pa(n) =n? —*. It is clear that the P;(n) sequences is 
1, 2,3, 8, 5, 36, 7, 64, 27, 100, 11, 1728, 13, 196, 225, .-- - 
The pa(n) sequences is | 
1,1,1, 2, 1,6, 1,8, 3, 10, 1,144, 1, 14, 15, 64, 1,324, 1, 1,400, 21,---. 


In reference {1}, Professor F. Smarandache asked us to study the properties 
of these two sequences. About these problems, it seems that none had studied 
them before. In this paper, we use the analytic methods to study the asymptotic 
properties of these sequences, and obtain two interesting asymptotic formulas. That 
is, we shall prove the following two Theorems. 


Theorem 1. For any real number z > 1, we have the asymptotic formula 


1 1 


Roe 
where C 18 a constant. 


Theorem 2, For any real number x > 1, we have the asymptotic formula 


1 
Sy ———~ = r(x) + (Innz)? + Blninr + Cy + es. 


pa(n) 


nog: 


Inz 
where n(x) is the number of all primes < x , B and Cz are constants. 
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2. SOME LEMMAS 
To complete the proof of the theorems, we need following several lemmas. 
Lemma 1. For any real number x > 2, there is a constant A such that 
1 1 
n 


x 
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Proof. See Theorem 4.12 of reference [2]. 
Lemma 2. Let x > 2, then we have 
] 
= =mn2+0+0(1). 
pga 
where C is constant. 
Proof. See reference [4]. 


Lemma 3. Let x > 4,p and gq are primes. Then we have the asymptotic formula 


1 In 
pay — =(Inlns)?+Alning+C; +08 ZY, 
pqsa oe 

where A and C3 are constants. 
Proof. From Lemma’ 1 and Lemma 2 we have 
2 
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= (Inlnz)? + 2A ining + C3 + O(5 a 


This proves Lemma 3. 145 


3. PROOF OF THE THEOREMS 


In this section, we shall complete the proof of the Theorems. First we prove 
Theorem 2. Note that the definition of pa(n), we can separate n into four parts 
according to d(n) = 2,3,4 or d(n) > 5. 


; ifn =p, pa(n) = 1; 
ifn = p?, pa(n) = p; 
ifn=p;pj or n= p®; pa(n) = pip; or ps 


(») 
25, others, pa(n) = noe’, 


2 
3 
d(n) = Fi 


Then by Lemma 1, 2 and 3 we have 
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= n(x) + (InIn x)? + 2AlnIng + C3 + O( )+InInz+ A~ 
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= n(x) + (InInz)?+ Blue + Cy + O( 


This completes the proof of Theorem 2. 


Similarly, we can also prove Theorem 1. Note that the definition of Pa(n), we 
have 


1 1 1 1 1 1 
Ln 23" Gert Lat let oa 
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a 
=Inlnz+C;+ O(—). 
Ing 
This completes the proof of Theorem 1, 
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